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OO0 100cCcO00bcCO0b0«00n F:NatxC—-COOOOODODOO

f(0)=a
fin+1) =F(n+1, f(n))

O000 NatODO COOD0OO fO0O0OD0OODOODOOOOOODODO U

OO0 00000000000 fi:Nat—-COfo:Nat—-COODOOODOOODO

f1(0) =a
filn+1) = F(n+1, fi(n))
f2(0) =a
foln+1) = F(n+1, fa(n))

000000000000000000neNatOOOD fi(n) = fo(n) 0000000
gad

Base case: f1(0) = a = f5(0)

Induction step: fi(k) = fo(k) 0000000

filk+1) = F(k+1, fi(k)) = F(k+1, fa(k)) = fo(k+1)
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OO0 200 cCO0o0CO0d0d e0d0d F:Natx(C —-COOOOOOOOO
f(0)=a
fln+1)=F(n+1, f(n))
O00O0NatODO CODOODO fOO000O0OO ]

O0000000000000000Q(x)0000zeNatOOOODOOOOOODODO
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Q(z): O0DODDODODOO f,000000

fe: {neNat|n<z}->C
f:(0)=a
fain+1)=F(n+1, f(n)) (n<x)
Base case:
fo: {0} —=C
fo(0)=a
O00000000oooooO)uooooo
Induction step:
Qk)DOOoOoooooo

fr: {neNat |n<k}—-C
fe(0) =a
feln+1) = F(n+1, fi(n)) (n<k)

ooooobo f,00000b000bO00bOoo0bOOooo0 f,,mooobo
Jerr = fe ULk + 1, F(k+ 1, fi(k)))}
O000O{rneNat |n<k+1}00CO00000O00O0O0OO frpaOOOODOOO
fr11(0) = f(0) = a
O000On< kOOOO
feri(n+1) = fi(n+1) = Fin+ 1, fe(n)) = F(n + 1, fia(n))
O000n=k0000
Jern(n+1) = fia(k+1) = F(k+ 1, fu(k)) = F(n+ 1, fr1(k)) = F(n + 1, fir1(n))
O000On< k0O0O0O0On=k0000000000n<k+1000
frri(n+1) = F(n+1, fr1(n))
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f(0)=a
f(n+1)=F(n+1,f(n)
O000 NatODO COODOO fO000O0OOOO0O L]

0ooooo
f(0)=a
fin+1) = F(n+1,f(n))
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O p.1770 0 0O 10.19(well-founded recursion) 0 O O O

e Glynn Winskel, The Formal Semantics of Programming Languages — An Introduc-
tion, The MIT Press, 1993.
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