Classification of quadratic functions
of two variables

Isao Sasano

Caution This material concerns topics that are out of the scope of this class.
This is for only those who are interested in classification of quadratic functions of
two variables. It is required for you to have learned eigenvalues, eigenvectors, and
diagonalizing matrices by orthogonal matrices.

1 Classification of J in Exercise 1

The function J for measuring the distance between the line and the points in

Exercise 1 ,
1
J = §Z(axi+b—yi)2
i=1
is the following quadratic function of two variables a and b (cf. Solution 2 in
Exercise 1).

1
J:§{5a2+3b2+6ab+8a+2b+5}

As I mentioned in the lecture, quadratic functions of two variables are classified into
elliptic, parabolic, and hyperbolic types. In this material, we show the function J

1
is elliptic. We let the part other than the 3 in J be f(a,b).

f(a,b) = 5a® + 3b* + 6ab + 8a + 2b+ 5

The subexpression 5a? + 3b% 4 6ab, which is called to have a quadratic form, can
be represented by using matrices and vectors as follows.

o (33)(0)

The subexpression 8a + 2b can be represented by using row and column vectors as

(8 2)(2)

Thus the function f(a,b) can be represented as follows.

fla,b)=(a b)(i §><Z>+(8 2)<Z>+5

follows.



5 3
We let the matrix ( 3 3 ) be A. We have selected A to be a symmetric matrix.

Quadratic forms of a and b (terms of a?, b?, and ab) can always be represented by
using symmetric matrices as in the above. The above expression can be rewritten

by using A as follows.

ﬂmm:(ab)A<Z>+(82)<Z>+5

We then diagonalize the matrix A by using orthogonal matrices. For that pur-

pose we calculate x, y, and A that satisfies the equation

()= ()
()2 ()

The equation A ( . ) = A ( . ) can be represented by using the identity matrix
Y Y

o))

A — A] =0

and the inequation

I as follows.

Since

the following equation holds.
A=5)(A=3)—9=0

By solving this we obtain

\ = 4 +/10.

<§>:<—1+3m>

is obtained as a solution and by normalizing this vector we obtain

When A = 4 + /10,

()= e v )

()= )

is obtained as a solution and by normalizing this vector we obtain

When \ = 4 — /10,

()= e (-vm )

2



We make a matrix consisting of the above two unit vectors as follows.

3 3

U— V/20-2/10 /204210
- —1+/10 -1-/10

V20-2v10 /204210

Note that this matrix U is a orthogonal matrix. By using the matrix U, the
following equation holds.

44 +/10 0
A=U Ut
( 0 4-«10)

Here we write the transposed matrix of U as UT. By letting \; = 4 + /10 and
Ao =4 — /10 the above equation can be rewritten as follows.

a=v( M Y )or
0 A

Note that the following equation also holds.

UTAU = M0
0 Mo

a a
=UT
()= (3)
since U is a orthogonal matrix, the following equation holds.
a’ a
U p—
(i)-(3)
Thus the quadratic form 5a? 4 3b? + 6ab can be rewritten as follows.
5 3 a
2 2 _
5a’ + 36> + 6ab = (a b)<3 3)(5)
a
= b ) A
(0)a(y)

- ()2 ()

(obtained by representing a product of row and column

By letting

vectors by an inner product)

) (i)
() (i)

obtained by the equality (Az,y) = (z, ATy))
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() ()6
() (5

We call the obtained expression Aja’? + Ay the normal form of the quadratic
form 5a? + 3b* + Gab.
The subexpression 8a + 2b can be rewritten as follows.

Sa+2b = (8 2)(2”)
= (8 2)U(Z,)

3 3
— (8 2 V20-2/10 /204210 a
N ( ) —1+10 ~1-V/10 %
V20-2V/10  \/20+2v/10

3 CL,—|— 3 bl
_ (g8 2 V/20-21/10 V/20+2y/10
o ( ) —LVI0 o1y —1VI0
V/20—-2v/10 /2042110
y . 2 2V10 —2 - 2\/10

24 , 24
a +
1/20 — 2+/10 \/20+2 \/20—2 \/20+2
22 + 2+4/10 J+ 22 — 2+/10

\/20—2\/E \/20+2

So the function f(a,b) can be rewritten as follows.
22 4+ 2¢/10 oy 2= 2\/_
\/20—2\/E \/20+2

By completing the squares with respect to a’ and b’ we obtain

2 2
f(ab):)\l(a’+ 11+ V10 ) +>\2(b’+ - V10 ) +}.
A1/20 — 24/10 A2\/20 + 2¢/10 6

1
Since J = if(a, b) we obtain

2 2
J_A1<a,+ 11 + /10 ) e (b, 11— /10 ) s
2 Ay/20 — 2v/10 2 Aoy/20 + 24/10 12

Since \; > 0 and Ay > 0, ); > 0 and ); > 0 hold and thus the function J is

elliptic. So when
) 11410
a _ A14/20—2v/10
b - __ 11-/10
A2

20+2v/10

fla,b) = M\a” + \b? +

4



1 !
J takes a minimum value of Iz Since < Z ) =U ( Z/ > we obtain
3 3 _ 11410
a _ V/20-2v10 /204210 A1/ 20—2/10
b - —1+10 —1-v10 __ 11-V10
V/20-2v/10 /204210 A21/20+2v/10
3
-(7)
7 )
6
3 7 ) .. 1
So when a = —3 and b = 6 the function J takes a minimum value of 2

Note The function J is obtained by linear transforming the elliptic quadratic

function of two variables
2 2

b2
. . crrs 3.
by using the matrix UT, which represents a rotation, and parallel shifting —5 in

7 1
the a-axis, 6 in the b-axis, and T2 in the J-axis.

2 Classification of quadratic two variable func-
tions
Here we classify quadratic two variable functions of the following form.
f(x,y) = az® + by* + cxy + dx + ey + f

The subexpression ax? + by? + cay, which is called to have a quadratic form, can

be represented by using matrices and vectors as follows.

oy 7))

The subexpression dx + ey can be represented by using row and column vectors

() ()

Thus the function f(x,y) can be represented as follows.

o= (5 §) (1) ()

2

as follows.

1
50 b

Quadratic forms of x and y (terms of 22, *, and zy) can always be represented by

1
. a 3C . .
We let the matrix ( 2 ) be A. We have selected A to be a symmetric matrix.



using symmetric matrices as in the above. The above expression can be rewritten
by using A as follows.

fay)=(x y)A<§>+<d e)<§>+f

We then diagonalize the matrix A by using orthogonal matrices. For that pur-

pose we calculate x, y, and A that satisfies the equation
()0
(Y Y
x 0
) ()
Y 0

) =A ( . ) can be represented by using the identity matrix
)

a(3)-(2)

and the inequation

X

The equation A (
Y

I as follows.

Since
Al —A|=0
the following equation holds.
1,
()\—a)()\—b)—ic =0

By solving this we obtain

a+b+t/(a—0b)%+c

2
We let
a+b+/(a—b)2+c
1:
2
a+b—/(a—b)2+c2
Ay = .
2
As for A\q,

()=

is obtained as a solution and by normalizing this vector we obtain

) (G5




As for Ao,

()=

is obtained as a solution and by normalizing this vector we obtain

) st (0G5

We make a matrix consisting of the above two unit vectors as follows.

1 1
3¢ 3¢

U=| Viethi-a?  ic+(e—o?

Al—a Ao—a
\/%624*()\17@)2 \/%024*()\270,)2

Note that this matrix U is a orthogonal matrix. By using the matrix U, the

PR R
0 A

following equation holds.

Here we write the transposed matrix of U as UT. Note that the following equation

also holds.
ot = (M0
0 Ao

()0 (:)

since U is a orthogonal matrix, the following equation holds.

/(2)-(3)

Thus the quadratic form ax?® + by? + cxy can be rewritten as follows.

By letting

2 2 _ z
ar” +by* +cry = (:p y)A(y)

()40

(obtained by representing a product of row and column

vectors by an inner product)

() ()
) (((Z)U”U(Z))

obtained by the equality (Az,y) = (x, ATy))



- () (00 ()
Z (( >;2 ( )

We call the obtained expression A\jz? + \oy’? the normal form of the quadratic
form ax? + by? + cxy.
The subexpression dx + ey can be rewritten as follows.

dr+ey = (d e)<§)
- ()

1 1

2¢ 5C
(00T v ) (1)

Al—a Ao—a /

\/%CQ-F()\l—a)Z \/%CQ—F(AQ—a)Z y

1 1
2¢ / sc ,
- ( d e ) \/%C2+(/\1_a)2x i \/%02+(/\2—a)2y )

A1—a / A2—a /
\/%624-()\1—(1)2 z+ \/i02+()\2—a)2 Y
1 1
=cd =cd
— - 2 x + - 2 Y
\/102 + (A —a)? \/ch + Ay —a)?
e(A1 —a) , e(A2 —a) /

T+ Y
\/ic2 + (A —a)? \/ic2 + (Mg — a)?
%Cd + 6()\1 — a) , %Cd + 6()\2 — CL) y
\/iCQ + (A —a)? \/iCQ + (A2 —a)?

So the function f(z,y) can be rewritten as follows.

/

Fla,y) = A z? + /\ng " %Cd—!— e(A —a) %cd—i— e(Xs — a)
i+ (—a)? i+ (A —a)

By completing the squares with respect to 2’ and 3y’ we obtain

f(z,y)

2 2
led+e(\ —a led+e(Ny—a
= M\ |2+ —2 - (A ) + X |y + —2 - (A )
2)\1 \/102 + ()\1 — a)2 2)\2\/162 + ()\2 — a)2
2 2
{%cd +e(A — a)} {%cd + e(Ay — a)}
4)\1 {%02 + ()\1 — CL)Z} 4)\2 {iC2 + ()\2 — CL)2}

/

v+ f

+f

The function f(z,y) is called elliptic when A\; > 0 and Ay > 0 or A; < 0 and
Ay < 0, paratolic when Ay # 0 and Ay = 0 or A\; = 0 and Ay # 0, and hyperbolic
when A\; > 0 and Ay < 0 or A\; < 0 and Ay > 0.
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In general, \; and Ay may be positive, negative, or zero. In the approximation
problems by a linear function, \; > 0 and Ay > 0 usually, and in special cases,
A1 > 0 and Ay = 0, which we show in the next section. That is, J is usually
elliptic and in special cases parabolic, and never hyperbolic, in the approximation
problems by a linear function.

3 J in the approximation problems by a linear
function

Here we calculate the signs of A\; and Ay in the approximation problems by
a lienar function. The function J for measuring the distance between the line
f(z) = ax + b and the points (z1,41), ..., (TN, yn) Was

a,b) = 5 3AFr) i)

By expanding this formula we obtain

FTO T V5 SYCRE VTS SPR SPRS SRS or')
i=1 i=1 i=1 =1

=1

So A in the previous section is obtained as follows.

1 1 1 1.\ (&
§Zx?+§Ni (223012—2]\7) —l—(le)

=1

We let

)\1_ 2
2 2
1 1 1 1 N
S+ N=— [[5) 22— N + (D=
21:1 2 2i=1 2 =1
)\2_ 2

Firstly, Ay > 0. (We assume N > 1, that is, there is at least one point in the
experiment.) We calculate the sign of the following expression in order to obtain
the sign of As.

1 1)’ 1 1.\ (&
=1 =1 )



Note that the sign of this expression and the sign of ), is the same. By tranfroming

this expression, we obtain

2

2
1

1, ’ 1 X 1\ (&
- 2 - _ - 2 _ .
xeepv) -1 (a5 3) + (5

This expression is 0 when N = 1. When N > 2 this expression is equal to the

Z(% - fﬂj)Q

i<j

following expression.

Note that Z represents summing up all the expressions where ¢ < j. So when
i<j

1 =...=TnN,

that is, when all the values of x-coordinate are equal, the expression is 0, and
positive otherwise. Such situations do not occur in the actual experiments. So in
usual cases A\; and Ay are both positive and J(a, b) is elliptic. That is, J(a,b) takes
a minimum value for only one point (a,b). When all the values of z-coordinate are
equal, A\; > 0 and Ay = 0, so J(a,b) is parabolic. That is, J(a,b) takes a minimum
value for infinitely many points (a, b).
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