Example 13-2

Isao Sasano

Example

(1) Calculate the Fourier series f(z) = = on the range [—L, L] in the form

of

1 o
—ag + Z{ak coswy + by sinwyx}

2
k=1
km

where w, = —.
L

(2) Calculate the Fourier series f(x) = x on the range [—L, L] in the form
of

o0

E Cr Wk

k=—o00

km

where w, = —.
L

Solution

(1) Assume the following equation holds. (Note that there are no coefficients
ao, - .., a, that satisfy the equation, but it’s ok.)

1 n
f(z) = S0+ E {ay, coswgz + by sinwyx }
k=1

Firstly integrate the both sides on [—L, L].

/LLf(x)dx - /LL%aodx

= LCL()



So we obtain ag as follows.
1 (-
ag = Z/Lf(a:)dx
1 /L
= = rdx
L/,
=0

Secondly we multiply the both sides by coswix and integrate them on
the range [—L, L].

L L
/ f(z)coswradr = / a, cos® wprdz
_L _

L
= LCLk

So we calculate a; as follows.

1 L
ap = —/ f(z) coswradx
L),

1 L
= — x cos wirdr
L /—L

= 0

Thirdly we multiply the both sides by sin w2 and integrate them on the
range [—L, L].

L L
/ f(z)sinwpadr = / by sin? wyxde
_I _

L
= Lb



So we calculate by as follows.
1 /L
by = —/ f(z) sinwpxdx
L),

1 L
= —/ T sin wpxrdx
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L W, _L -L Wk
1 —coskm — cos(—km)
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= — T (=1)
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So the following is the linear combination closest to the function f(z) = =.
n 9 .
> {——(-1)Fsinwp}
Wk
k=1
The Fourier series is the limit of the linear combination as n goes to infinity.
Z{——(—l) sin wyx}
=1k

We depict the partial summation of this series up to the term of coswigx
and f(z) = 2 when L = 1.0 in Fig. 1.

(2) Assume the following equation holds. (Note that there are no coefficients
C_ny « - Coy - -y Cp that satisfy the equation, but it’s ok.)

n

f(z) = Z e

l=—n
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Figure 1: Comparison between the function f(z) = = and the partial sum
up to the term of coswigx
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Multiply the both sides of this equation by e and integrate them on the

range [—L, L].

/ flz)e ™ dx = / e Wk E e dx
.y —L

l=—n

L n
— / E Clezwlxefzwkxdx

-L l=—n

L n A
= / che’(“”_w’“)mdx

L l=—n

L n
= / E e = dx

L l=—n

(since w) —wp = — — — = ———)

n L
= E / e dx
L

l=—n

L
= / cpeldx
-L
L
= / cpde
L

= 2LCk

So we obtain ¢; as follows.

I :
=57 /L f(x)e ™ dx



When k # 0 we calculate ¢ as follows.
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When k& = 0 we calculate ¢y as follows.

1 L
= — d
Co 5T fo T

So we obtain the series

where



The Fourier series is the limit of the above linear combination as n goes to
infinity.

n [e.9]

: WET TWET
lim cLe = cLe
n—oo

k=—n k=—o00



